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Abstract
Let G = (V ,E) be a simple connected graph and λ1(G) be the largest Laplacian eigen-
value of G. In this paper, we prove that:
1. λ1(G) = d1 + d2, (d1 /= d2) if and only if G is a star graph, where d1, d2 are the highest
and the second highest degree, respectively.
2. λ1(G) = max
{√
2(d2u + dum′u) : u ∈ V
}
if and only if G is a bipartite regular graph,
where m′u =
∑
v{dv−|Nu∩Nv |:uv∈E}
du
, du denotes the degree of u and |Nu ∩ Nv | is the num-
ber of common neighbors of u and v.
3. λ1(G)  max
{
(du+dv)+
√
(du−dv)2+4mumv
2 : uv ∈ E
}
with equality if and only if G is a
bipartite regular graph or a bipartite semiregular graph, where du and mu denote the degree
of u and the average of the degrees of the vertices adjacent to u, respectively.
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1. Introduction
Let G = (V ,E) be a simple connected graph with vertex set V = {v1, v2,
v3, . . . , vn} and edge set E of cardinality e. Assume that the vertices are ordered such
that d1  d2  · · ·  dn, where di is the degree of vi for i = 1, 2, . . . , n. For v ∈ V ,
the set of neighbors of v and the average of the degrees of the vertices adjacent to
v are denoted by Nv and mv respectively. Let A(G) be the adjacency matrix of G
and let D(G) be the diagonal matrix of vertex degrees. The Laplacian matrix of
G is L(G) = D(G) − A(G). Clearly, L(G) is a real symmetric matrix. From this
fact and Geršgorin’s theorem, it follows that its eigenvalues are non-negative real
numbers. Moreover, since its rows sum to 0, 0 is the smallest eigenvalue of L(G).
The spectrum of G is
S(G) = (λ1(G), λ2(G), . . . , λn(G)),
where λ1(G)  λ2(G)  · · ·  λn(G) = 0 are the eigenvalues of L(G) arranged in
nonincreasing order. For a star graph of order n, the spectrum is (n, 1, 1, . . . , 1︸ ︷︷ ︸
(n−2)
, 0).
In [3, Corollary 2, p. 224], it is proved that if G has an edge, then λ1(G)  d1 + 1.
If X = (x1, x2, . . . , xn) is an eigenvector of L(G) corresponding to an eigenvalue
λ(G), then we have
L(G)X=λ(G)X,
i.e., λ(G)xu=duxu −
∑
v
{xv : uv ∈ E}, u ∈ V, (1)
where
∑
v{xv : uv ∈ E} is the sum, over the vertices v adjacent in G to u, of xv .
In this paper, we first prove that λ1(G) = d1 + d2(d1 /= d2) if and only if G is a star
graph, where d1 and d2 are the highest and the second highest degree, respectively.
Ref. [2] presented the following upper bound:
λ1(G)  max
{√
2(d2u + dum′u) : u ∈ V
}
, (2)
where m′u =
∑
v{dv−|Nu∩Nv |: uv∈E}
du
, du denotes the degree of u and |Nu ∩ Nv| is the
number of common neighbors of u and v. But the extremal graphs which achieve the
upper bound was not determined. The aim of this paper is to determine the extremal
graphs of this bound and to give a new upper bound for λ1(G) and also determine its
extremal graphs.
Ref. [2] gave another upper bound as follows:
λ1(G)  max{du + dv − |Nu ∩ Nv| : uv ∈ E}, (3)
where du denotes the degree of u and |Nu ∩ Nv| is the number of common neigh-
bors of u and v. This bound improves an always nontrivial upper bound for λ1(G)
obtained in [7].
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2. Lemmas and results
Lemma 2.1. Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the
eigenvalue λ1(G) of L(G). If xu is the highest eigencomponent in magnitude, then
the degree of the vertex u is greater than or equal to λ1(G)2 .
Proof. Since X is an eigenvector corresponding to the eigenvalue λ1(G) of L(G),
therefore we get from (1)
λ1(G)xu = duxu −
∑
v
{xv : uv ∈ E},
i.e., λ1(G) − du =
∣∣∣∣∣−∑
v
{
xv
xu
: uv ∈ E
}∣∣∣∣∣ (xu is highest, xu /= 0),
i.e., λ1(G) − du  du, i.e., du  λ1(G)2 . 
Corollary 2.2. If λ1(G) = d1 + d2, then the vertex corresponding to the highest
eigencomponent, in magnitude, is the highest degree vertex.
Proof. Using Lemma 2.1 we get, du  d1+d22 ⇒ du = d1. 
Lemma 2.3. If λ1(G) = d1 + d2 (d1 /= d2), then
(i) the vertices corresponding to the highest and the second highest eigencompo-
nents, in magnitude, are adjacent;
(ii) the second highest eigencomponent in magnitude is greater than or equal to
d2
d1
|xu|, where |xu| is the highest eigencomponent in magnitude.
Proof. Let |xu| and |xv| be the highest and the second highest eigencomponent in
magnitude.
(i) If possible, let u and v be two nonadjacent vertices. We have
λ1(G)xv = dvxv −
∑
w
{xw : vw ∈ E},
i.e., (λ1(G) − dv)|xv|  dv|xv|,
i.e., dv 
λ1(G)
2
= (d1 + d2)
2
⇒ dv = d1,
which is a contradiction because du = d1 and d1 /= d2.
(ii) We have
λ1(G)xu = duxu −
∑
w
{xw : uw ∈ E},
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i.e., (λ1(G) − d1)|xu|  d1|xv|,
i.e., |xv|  d2
d1
|xu|. 
Theorem 2.4. Let G = (V ,E) be a connected graph and d1 /= d2. Then λ1(G) =
d1 + d2 if and only if G is a star graph.
Proof. If G is a star graph then λ1(G) = d1 + 1 = d1 + d2.
Conversely, let λ1(G) = d1 + d2. We are to show that G is a star graph.
Let |xu| and |xv| be the highest and the second highest eigencomponent in mag-
nitude. We have
λ1(G)xv = dvxv −
∑
w
{xw : vw ∈ E},
i.e., (λ1(G) − dv)|xv| =
∣∣∣−∑
w
{xw : vw ∈ E}
∣∣∣,
i.e., (d1 + d2 − dv)  |xu||xv| + (dv − 1) (by Lemma 2.3(i)),
i.e., d1  (d1 + d2 − dv)  d1
d2
+ (d2 − 1) (by Lemma 2.3(ii)),
i.e., (d1 − d2)(d2 − 1)  0.
It follows that d2 = 1, since G is a connected graph and d1 /= d2. Hence G is a
star graph. 
Let G = (V ,E). If V is the disjoint union of two nonempty sets V1 and V2 such
that every vertex in V1 has degree r and every vertex in V2 has degree s, then G
is (r, s)-semiregular graph. Let G be a (r, s)-semiregular bipartite graph of order n
with first p vertices of degree r and the remaining q vertices of degree s, where p =
ns
r+s , q = nrr+s . Then (r + s) is the largest eigenvalue of L(G) and the corresponding
eigenvector is (r, r, . . . , r︸ ︷︷ ︸
p
,−s,−s, . . . ,−s︸ ︷︷ ︸
q
)T.
Theorem 2.5. Let G = (V ,E) be a connected graph with degree sequence d1 
d2  · · ·  dn such that two vertices of largest degrees are not adjacent. Then
λ1(G) = 2d1 − 1 if and only if G is a (d1, d1 − 1)-semiregular bipartite graph.
Proof. If G is a (d1, d1 − 1)-semiregular bipartite graph then λ1(G) = 2d1 − 1.
Conversely, let λ1(G) = 2d1 − 1. We are to show that G is a (d1, d1 − 1)-semi-
regular bipartite graph.
Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the eigenvalue
2d1 − 1 of L(G).
K.Ch. Das / Linear Algebra and its Applications 376 (2004) 173–186 177
We can assume that xu is the highest eigencomponent and is equal to d1(d1−1)
and the other eigencomponents are less than or equal to d1
(d1−1) in magnitude. Using
Lemma 2.1 we get du = d1. We have L(G)X = (2d1 − 1)X. Hence, for u ∈ V ,
(2d1 − 1) d1
(d1 − 1) =
d21
(d1 − 1) −
∑
v
{xv : uv ∈ E},
i.e.,
∑
v
{xv : uv ∈ E} = −d1. (4)
Also, for v ∈ V such that uv ∈ E,
(2d1 − 1)xv = dvxv −
∑
w
{xw : vw ∈ E}. (5)
If |xv| > 1, then from (5) 2d1 − 1 = dv −∑w{ xwxv : vw ∈ E} < dv + dv d1(d1−1) , i.e.,
dv > d1 − 1 ⇒ dv = d1. But this is not possible because the highest and the second
highest degree vertices are not adjacent, therefore |xv|  1, uv ∈ E.
From this result and (4), we get xv = −1, uv ∈ E. From (5), we get dv 
(d1 − 1) ⇒ dv = d1 − 1.
From (5), ∑w{xw : vw ∈ E} = d1 ⇒ xw = d1(d1−1) = xu, vw ∈ E. Using
Lemma 2.1 we get dw = d1, vw ∈ E.
Therefore xs = xu for vs ∈ Nv and xt = −1 for vt ∈ Nu. Let U = {vs, xs =
xu} and W = {vt , xt = −1}. So Nv ⊆ U and Nu ⊆ W . Further, for any vertex
r ∈ NNu there exists a vertex p ∈ Nu such that up ∈ E, pr ∈ E. Therefore xp =
−1, dp = d1 − 1 and (2d1 − 1)xp = dpxp −∑t {xt : pt ∈ E}. This implies that
xr = xu. Hence NNu ⊆ U . By a similar argument, we can show that NNv ⊆ W.
Continuing the procedure, it is easy to see, since G is connected, that V = U ∪ W
and that the subgraphs induced by U and W respectively are empty graphs. Hence
G is bipartite. Moreover, the degree of vertices in U are the same and the degree
of vertices in W are also the same. Hence G is a (d1, d1 − 1)-semiregular bipartite
graph. 
Theorem 2.6. Let G = (V ,E) be a connected graph and the highest degree (d1)
vertex be adjacent to the vertices of degree less than or equal to (d1 − 2). Then
λ1(G) = 2d1 − 2 if and only if G is a (d1, d1 − 2)-semiregular bipartite graph.
Proof. If G is a (d1, d1 − 2)-semiregular bipartite graph then λ1(G) = 2d1 − 2.
Conversely, let λ1(G) = 2d1 − 2. We are to show that G is a (d1, d1 − 2)-semi-
regular bipartite graph.
Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the eigenvalue
2d1 − 2 of L(G).
We can assume that xu is the highest eigencomponent and is equal to d1(d1−2)
and the other eigencomponents are less than or equal to d1
(d1−2) in magnitude. Using
Lemma 2.1 we get either du = d1 − 1 or du = d1.
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First suppose that du = d1 − 1. We have L(G)X = (2d1 − 2)X. Hence, for
u ∈ V ,
(2d1 − 2) d1
(d1 − 2) = (d1 − 1)
d1
(d1 − 2) −
∑
v
{xv : uv ∈ E},
i.e.,
∑
v
{xv : uv ∈ E} = − d1
(d1 − 2) (d1 − 1),
i.e., xv = − d1
(d1 − 2) , uv ∈ E.
For v ∈ V such that uv ∈ E,
−(2d1 − 2) d1
(d1 − 2) = −dv
d1
(d1 − 2) −
∑
w
{xw : vw ∈ E}, (6)
i.e., (2d1 − 2) d1
(d1 − 2) 
2d1
(d1 − 2)dv,
i.e., dv  d1 − 1.
Therefore dv = d1 or dv = d1 − 1. But dv = d1 is not possible, since the highest
degree (d1) vertex is adjacent to the vertices of degree less than or equal to (d1 − 2).
Hence dv = d1 − 1.
From (6) we get ∑w{xw : vw ∈ E} = d1(d1−2) (d1 − 1), that is, xw = d1(d1−2) , for
all w such that vw ∈ E and uv ∈ E. Similarly we get dw = d1 − 1. Continuing the
procedure we can show that all the vertices in G are of degree (d1 − 1) as G is a
connected graph. But it is not possible, since d1 is the highest degree of G. Therefore
du = d1.
Again for u ∈ V ,
(2d1 − 2) d1
(d1 − 2) = d1
d1
(d1 − 2) −
∑
v
{xv : uv ∈ E},
i.e.,
∑
v
{xv : uv ∈ E} = −d1. (7)
Also, for v ∈ V such that uv ∈ E,
(2d1 − 2)xv = dvxv −
∑
w
{xw : vw ∈ E}. (8)
If |xv| > 1, then from (8) 2d1 − 2 = dv −∑w { xwxv : vw ∈ E} < dv + dv d1(d1−2) ,
i.e., dv > d1 − 2, it is not possible as the highest degree vertex is adjacent to the
vertices of degree less than or equal to d1 − 2. Therefore |xv|  1, uv ∈ E. From
this result and (7), we get xv = −1, uv ∈ E. From (8), we get dv  (d1 − 2) ⇒
dv = d1 − 2, as du = d1 and dv  d1 − 2.
Also from (8), ∑w{xw : vw ∈ E} = d1 ⇒ xw = d1(d1−1) = xu, vw ∈ E. Using
Lemma 2.1 we get dw = d1, vw ∈ E.
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Using the same procedure of the above Theorem 2.5, we can easily show that G
is a (d1, d1 − 2)-semiregular bipartite graph. 
Lemma 2.7 [2]. If G = (V ,E) be a graph on vertex set V = {v1, v2, v3, . . . , vn},
then ∑
v
{|Nu ∩ Nv| : v /= u} =
∑
v
{(dv − 1) : uv ∈ E}, u ∈ V (9)
where du is the degree of the vertex u and |Nu ∩ Nv| is the number of common
neighbors of u and v.
The following upper bound is proved in [2], but the extremal graphs which achieve
the upper bound was not determined. Here we give a new proof of the following
upper bound and determine its extremal graphs.
Theorem 2.8 [2]. Let G = (V ,E) be a connected graph. Then
λ1(G)max


√
d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E} : u ∈ V
}
, (10)
with equality if and only if G is a bipartite regular graph, where du denotes the
degree of u and |Nu ∩ Nv| is the number of common neighbors of u and v.
Proof. Let us consider the matrix L2.
Now, the (i, j)th element of L2 is

d2vi + dvi if i = j,−dvi − dvj + |Nvi ∩ Nvj | if vivj ∈ E,
|Nvi ∩ Nvj | otherwise.
Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the eigenvalue λ21
of L2. We can assume that one eigencomponent (say xu) is equal to 1 and the other
eigencomponents are less than or equal to 1 in magnitude, that is, xu = 1 and |xw| 
1, ∀w ∈ V.
We have
L2X = λ21(G)X. (11)
For u ∈ V ,
λ21(G)xu=(d2u + du)xu −
∑
v
{(du + dv − |Nu ∩ Nv|)xv : uv ∈ E}
+
∑
v
{|Nu ∩ Nv|xv : v /= u, uv /∈ E},
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i.e., λ21(G)d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E}. (12)
Therefore
λ1(G)max


√
d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E} : u ∈ V
}
.
Now suppose that equality in (10) holds. Then equality in (12) holds. Therefore
we must have xv = −1 if uv ∈ E and xv = 1 if uv /∈ E.
Now, we can partition vertices into two sets S and T in such a way that S =
{u ∈ V : xu = 1} and T = {u ∈ V : xu = −1}, where V = S ∪ T . Clearly,
there is no pair of two vertices in S or T which is an edge. Thus G is a bipartite
graph.
Since G is bipartite, |Nu ∩ Nv| = 0, uv ∈ E. Now,
λ21(G) = d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E}
= d2u + du +
∑
v
{du + dv : uv ∈ E}
+
∑
v
{(dv − 1) : uv ∈ E} (by Lemma 2.8)
= 2(d2u + dumu).
Therefore λ21(G) = 2(d2u + dumu), for any u ∈ V .
Let u ∈ S (or T ) be a vertex with maximal degree in V . Also let v be a vertex
with minimal degree in T (or S).
Then d2u + dumu  d2u + dudv and d2v + dvmv  d2v + dvdu. From these two re-
lations and the fact λ21(G) = 2(d2w + dwmw) for all w ∈ V , we get d2u + dudv 
d2v + dvdu. Hence du  dv. But du  dv. Therefore du = dv and all the vertices in
T have equal degree du.
For vp, vq ∈ S, d2p + dpmp = d2p + dpdu and d2q + dqmq = d2q + dqdu. From
these we obtain dp = dq . Therefore all the vertices in S have the same degree du.
Hence G is a bipartite regular graph.
Conversely, let G is a bipartite regular graph. Therefore du = r for any u ∈ V and
λ1 = 2r . Using above Lemma 2.7 we get,
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max


√
d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E} : u ∈ V
}
= max
{√
2(d2u + dum′u) : u ∈ V
}
= 2r.
The equality holds. 
Theorem 2.9. If G = (V ,E) is a graph on vertex set V = {v1, v2, . . . , vn}, then
λ1(G)  max
{√
2(d2u + dum′u) : u ∈ V
}
, (13)
with equality if and only if G is a bipartite regular graph, where m′u =∑
v{dv−|Nu∩Nv |: uv∈E}
du
, du denotes the degree of u and |Nu ∩ Nv| is the number of
common neighbors of u and v.
Proof. From Lemma 2.7, for any vertex u ∈ V ,∑
v
{|Nu ∩ Nv| : v /= u} =
∑
v
{(dv − 1) : uv ∈ E},
i.e.,
∑
v
{|Nu ∩ Nv| : uv ∈ E} +
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E}
= du(mu − 1), (14)
where mu is the average of the degrees of the adjacent vertices of u ∈ V .
For any vertex u ∈ V ,
d2u + du +
∑
v
{du + dv − |Nu ∩ Nv| : uv ∈ E}
+
∑
v
{|Nu ∩ Nv| : v /= u, uv /∈ E}
= d2u + du + d2u + dumu − 2
∑
v
{|Nu ∩ Nv| : uv ∈ E} + du(mu − 1) by (14)
= 2(d2u + dum′u), since dum′u = dumu −
∑
v
{|Nu ∩ Nv| : uv ∈ E}.
Using Theorem 2.8 we get the required result (13) and the equality holds in (13)
if and only if G is a bipartite regular graph. 
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Corollary 2.10 [4]. Let G = (V ,E) be a connected graph. Then
λ1(G)  max
{√
2du(du + mu) : u ∈ V
}
, (15)
with equality if and only if G is a bipartite regular graph.
Proof. It is easily seen that
λ1(G)  max
{√
2(d2u + dum′u) : u ∈ V
}
 max
{√
2du(du + mu) : u ∈ V
}
.
Now suppose equality in (15) holds for the graph G. Then both inequalities in the
above argument must be equalities. In particular, we have from first equality that G
is a bipartite regular graph using Theorem 2.9.
Conversely, it is easy to verify that equality in (15) holds for bipartite regular
graph. 
Corollary 2.11 [4]. Let G = (V ,E) be a connected graph with n vertices and
e edges. Then
λ1(G) 
√
2d21 + 4e − 2dn(n − 1) + 2d1(dn − 1), (16)
with equality if and only if G is a bipartite regular graph, where d1 is the highest
degree, dn is the lowest degree and e is the number of edges of graph G.
Proof. We have dumu  2e − du − (n − du − 1)dn, u ∈ V . Now, 2du(du + mu) 
2d2u + 4e − 2du − 2(n − du − 1)dn = 2d2u + 4e − 2dn(n − 1) + 2du(dn − 1). Using
above Corollary 2.10, we get the required result.
Let K = D + A, and let ρ(K) be the spectral radius of K . If G is a connected
graph then K is a nonnegative, symmetric and irreducible matrix. 
Lemma 2.12 [6]. Let G = (V ,E) be a connected graph with n vertices. Then
λ1(G)  ρ(K) with equality if and only if G is a bipartite graph.
The following result is proved in Theorem 2.4 (see [6], p. 290).
Lemma 2.13 [6]. Let G = (V ,E) be a connected bipartite graph with n vertices. If
du + mu = dv + mv for any v ∈ V, then G is either a bipartite regular graph or a
bipartite semiregular graph.
Now we give a new upper bound for λ1(G) in the following Theorem and deter-
mine its extremal graphs.
Theorem 2.14. Let G = (V ,E) be a connected graph. Then
λ1(G)  max
{
(du + dv) +
√
(du − dv)2 + 4mumv
2
: uv ∈ E
}
, (17)
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with equality if and only if G is either a bipartite regular graph or a bipartite semi-
regular graph, where du and mu denote the degree of the vertex u and the average
of the degrees of the vertices adjacent to u, respectively.
Proof. By Lemma 2.12, λ1(G)  ρ(K). Moreover, ρ(K) = ρ(D−1KD).
Now, the (i, j)th element of D−1KD is

dvi if i = j,
dvj
dvi
if vivj ∈ E,
0 otherwise.
Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the eigenvalue
ρ(K) of D−1KD. We can assume that one eigencomponent (say xu) is equal to
1 and the other eigencomponents are less than or equal to 1 in magnitude, that is,
xu = 1 and |xw|  1, ∀w ∈ V . Also let xv = maxw{xw : uw ∈ E}.
We have
(D−1KD)X = ρ(K)X. (18)
For u ∈ V , we get
ρ(K)xu = duxu +
∑
w
{
dw
du
xw : uw ∈ E
}
,
i.e., ρ(K) du + muxv. (19)
For v ∈ V , we get
ρ(K)xv = dvxv +
∑
w
{
dw
dv
xw : vw ∈ E
}
 dvxv + mv. (20)
Eliminating xv from (19) and (20), we get
ρ2(K) − (du + dv)ρ(K) + dudv − mumv  0. (21)
From (21), we get
ρ(K)  (du + dv) +
√
(du − dv)2 + 4mumv
2
.
Therefore,
ρ(K)  max
{
(du + dv) +
√
(du − dv)2 + 4mumv
2
: uv ∈ E
}
.
Now suppose that equality in (17) holds. Then all inequalities in the above argu-
ment must be equalities. In particular, we have from (19) and (20) that
xw = xv for w ∈ Nu and xw = 1 for w ∈ Nv.
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Let U = {w, xw = 1} and W = {w, xw = xv}. So Nv ⊆ U and Nu ⊆ W . Fur-
ther, for any vertex r ∈ NNu there exists a vertex p ∈ Nu such that up ∈ E, pr ∈ E.
Hence xp = xv and xr = 1. Hence NNu ⊆ U . By a similar argument, we can show
that NNv ⊆ W . Continuing the procedure, it is easy to see, since G is connected,
that V = U ∪ W and that the subgraphs induced by U and W respectively are empty
graphs. Hence G is bipartite.
Next we shall prove that xv cannot be less than 1. For this, let Nv denote the set
of vertices adjacent to v. Choose a vertex u with minimal degree in U , and choose
a vertex v with maximal degree in Nu. Then du + mu  dv + mv. If possible, let
xv < 1. Then ρ(K) < du + mu for u ∈ U , and ρ(K) > dv + mv for v ∈ W . From
these two, we get du + mu > dv + mv, a contradiction. Therefore xv is equal to 1.
So, ρ(K) = du + mu for u ∈ V .
Moreover, λ1(G) = ρ(K). It follows from Lemma 2.12 that G is bipartite.
Since G is a connected bipartite graph and for any u ∈ V , du + mu is equal, there-
fore from Lemma 2.13, G must be a bipartite regular graph or a bipartite semiregular
graph.
It is easy to verify that the equality in (17) holds for all graphs: bipartite regular
graphs and bipartite semiregular graphs. 
Remark. Now we shall see that the value obtained by applying (17) is better than
the value obtained by applying Merris bound [5]. Merris bound is given by λ1(G) 
max{du + mu : u ∈ V }.
We have
du + mu  dv + mv for any uv ∈ E,
i.e., (du − dv)4mu + 4m2u  4mumv,
i.e., (du − dv) + 2mu 
√
(du − dv)2 + 4mumv,
i.e., du + mu  (du + dv) +
√
(du − dv)2 + 4mumv
2
, for any uv ∈ E.
But the upper bound given by (17) is applicable for connected graphs.
Lemma 2.15 [1]. Let G = (V ,E) be a connected graph. Then
λ1(G)  max{du + dv : uv ∈ E}
with equality if and only if G is a bipartite regular graph or a bipartite semiregular
graph.
In [2], one upper bound is determined but the extremal graphs which achieve the
upper bound of (3) were not determined. But we are able to find the extremal graphs
when the graph G is bipartite.
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Lemma 2.16. Let G = (V ,E) be a connected bipartite graph. Then
λ1(G) = max{du + dv − |Nu ∩ Nv| : uv ∈ E}
if and only if G is a bipartite regular graph or a bipartite semiregular graph, where
du denotes the degree of u and |Nu ∩ Nv| is the number of common neighbors of u
and v.
Proof. Since G is a connected bipartite graph, therefore |Nu ∩ Nv| = 0, uv ∈ E.
Using Lemma 2.15, we get the required result. 
We now give a problem to characterize the extremal graphs when the largest La-
placian eigenvalue is equal to the upper bound. Denote the bipartite semiregular
graph by H = (U,E), where U = U1 ∪ U2. Also let H+ = (U,E+) be the super
graph of H constructed by joining those pairs of vertices of U1 (or U2) which have
same set of neighbors in the other set U2 (or U1), if such pairs exist, where E+ is
equal to E with some new edges (if new edges were constructed).
Problem 2.17. Let G = (V ,E) be a connected graph. Then
λ1(G) = max{du + dv − |Nu ∩ Nv| : uv ∈ E}
if and only if G is a graph H+.
In [4], Li and Pan gave one upper bound of largest Laplacian eigenvalue in terms
of n and e only. Now we will give one important result which shows that upper bound
of the largest Laplacian eigenvalue in terms of n and e are greater than or equal to
n. It is already proved that if λ is an eigenvalue of L(G), then λ  n. Let f (n, e) be
the function of n and e, where n is the order of the graph G and e is the number of
edges of G.
Theorem 2.18. Let G = (V ,E) be a connected graph with n vertices and e edges.
Then the upper bound of the largest Laplacian eigenvalue in terms of n and e of G
is greater than or equal to n.
Proof. Since G is a connected graph, therefore e  n − 1. Then we can easily
get a super graph of the star graph of order n (denoted by Sn, K1,n ⊆ Sn ⊆ Kn)
with at least one vertex of degree (n − 1). Therefore the largest eigenvalue of Sn
is n.
Let f (n, e) be the upper bound of the largest Laplacian eigenvalue of the graph G
in terms of n and e only, that is, λ1(G)  f (n, e). For same n and e, we can construct
the graph Sn of order n whose upper bound of the largest Laplacian eigenvalue is also
f (n, e).
If possible, let f (n, e) < n. Therefore n = λ1(Sn)  f (n, e), a contradiction.
Hence the Theorem. 
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